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Fig. 4a NO global production rate for the reaction N2 ++ O $ NO ++ N
and for different reservoir temperatures T0 . The symbols are experi-
mental results,10 and - - - - is their Arrhenius � t.

Fig. 4b Nozzle position as a function of the inverse of temperature
along the nozzle axis.

Results obtained for nonparabolic nozzles (the so-called F4
nozzle operating at ONERA) closely follow those reported in
Figs. 1–4, thus eliminating the uncertainties caused by the use of
one-dimensional inviscid � ow for parabolic nozzles.9

Conclusions
The resultspresentedin this work have shown the roleof nonequi-

librium vibrational kinetics in the nozzle � ow. In particular, the
proposed model shows a strong non-Arrheniuscharacterof the for-
mation rate of NO through the reaction of vibrationally excited
molecules and oxygen atoms. This behavior is mainly caused by
the recombination of N atoms that form strong nonequilibriumvi-
brational distributions.

The present results, even though qualitative, represent a new at-
tempt to describenonequilibriumeffects in nozzle expansion � ows.
Future work in this directionshould be directedtoward a better char-
acterizationof input data as well as to dedicatedexperimentsable to
monitor the concentrationpro� les of the different species as well as
the vibrationaldistributionsof diatomic molecules along the nozzle
axis. Inclusion of these kinetics in two-dimensional nozzle � ows
should also improve the present treatment.
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View Factors Between Finite Length
Rings on an Interior Cylindrical Shell
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Nomenclature
A = surface area, m2

D = diameter, m
d = distance, m
Fi ¡ j = view factor of surface j as seen by surface i
L = length, m
r = radius, m

Subscripts

b = bottom surface
n = neighboring surfaces
s = shell surface
si = shell interior surface
sid = shell interior surface of length d
sn = one of the neighboring shell surfaces
sTT = total of two neighboring shell surfaces
T T = total of two neighboring elements
t = tube surface
u = upper surface
1 = element 1
2 = element 2 or surface 2; Fig. 2a

Introduction

T HE present work is aimed at analyzing surface radiation heat
exchange in annular microchannels bounded by two coaxial

heat-generating cylinders, for electronics cooling application. The
geometryof coaxialcylindersis common to applicationssuch as air-
craftengines,heatexchangers,infraredtelescopes,reactors,rockets,
and tubular furnaces. The view factor, de� ned, e.g., by Siegel and
Howell,1 is a key element in the computationof radiant interchange
between diffusely emitting surfaces. It is also used in conjunction
with diffusion and transport codes to calculate the neutral particles
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streaming through large voids surroundedby material regions.2 The
analytical evaluation of the view factor becomes complicated with
complex geometry, and its numerical evaluation is time consuming
for an adequate accuracy. This is especially true in practical appli-
cations involving systems discretized into a large number of spatial
meshes viewing each other, for which several view factors are to be
computed.Although software packages such as FACET and VIEW
(discussed by Emery et al.3 ) compute the view factors numerically
for complicated con� gurations, it is always advantageous to have
closed-form analytical solutions wherever possible, to reduce the
computation time and tedium, and to obtain insights of geometrical
parameter dependence.

For analyzing the radiant heat exchange, the coaxial cylinders
are discretizedinto coaxial ring elements. Leuenberger and Person4

presentedanalytical solutions of view factors involvingdisks; � nite
length cylinders; and a combination of disks, cylinders, and rect-
angles. Their compilation includes the analytical expression for the
differential view factor between a ring on the tube exterior and the
� nite annularspaceon the end plug between the tube and the coaxial
shell. Reid and Tennant5 performed a single numerical integration
after three analyticalintegrationsof the de� ning quadrupleline inte-
gral, for ring elements on coaxial cylinders.They have numerically
obtained the view factors between � nite cylindrical areas on the in-
terior of a shell, for cases 1 and 2 (Fig. 1) of the con� guration from
one shell interior surface to another. Rea6 has derived, using view-
factor algebra, the view factorbetween the outsideof an end-capped
cylinder to an annular disk plugged at its bottom, and presented the
results for dimensionless geometrical parameters. The view-factor
algebra for estimating the view factors between the exterior surface
of a cylinder of smaller radius to the interior surface of a coax-
ial cylinder of larger radius was outlined. Siegel and Howell1 have
compiled a catalogof analytical solutionsof view factors of several
geometries, which includes the view factors for coaxial cylinders
of the same � nite length (F2 ¡ 2 in Fig. 2a). Howell7 has provided a
more exhaustivecoverageof geometries,some in the formof analyt-
ical expressionsand some as numericalapproximationsor graphical
solutions.The compilation includes some numerical results of Reid
and Tennant5 for the view factors between tube exteriorand shell in-
terior surfaces, and from one shell interior surface to another (cases
1 and 2 in Fig. 1). Brockmann8 has obtained the view factors be-
tween the surface elements of two coaxial cylinders by replacing a
surface integration in the view factor de� nition by integration over
the direction of radiation emitted from that surface. Simpli� ed ex-
pressions for known view factors (including for F2 ¡ 2 in Fig. 2a)
were also derived. Recently, Tso and Mahulikar9 have shown the
view factors for the two con� gurations, between the � nite tube ex-

Fig. 1 Three cases of view factor from one shell interior surface to another: a) case 1: d >0; b) case 2: d < 0, (L1 ¡¡ jj d jj ) >0; (L2 ¡¡ jj d jj ) >0; and c) case
3: d < 0, (L1 ¡¡ jj d jj ) >0; (L2 ¡¡ jj d jj ) < 0.

terior and shell interior surfaces (con� gurations C-93 and C-95 in
Howell7 ), to be identical.

In conclusion,the view-factor algebra for obtaining the view fac-
tors between shell interiorsurfaces separatedby a � nite distancehas
not been outlined, nor has a closed-form analytical solution been
reported, although the con� guration is of paramount importance in
many practical applications. Also, case 3 of the con� guration (to
be described) has not been identi� ed in the literature; hence, the
motivation for the present work.

Derivation of Analytical Formulas for View Factors
Figure 1 shows the three cases of the view factor from one shell

interior surface to another. In case 1 (Fig. 1a) the two shell-interior
surfacesare separatedby a distance, in case 2 (Fig. 1b) there is a par-
tial overlap of the two shell interior surfaces, and in case 3 (Fig. 1c)
one shell interior surface is completely inside the other. Although
some of these cases may be encountered more often in practical
applications than others, the view factor being a fundamental con-
cept, it is of interest to study all of the cases analytically, as studied
numerically by Reid and Tennant5 for cases 1 and 2.

The view factors for the three cases will be derived analytically
by a sequence of view-factor algebra. First the view factor between
the two neighboring shell interior surfaces (Fsn1 ¡ sn2 in Fig. 2b) is
derived, and it is used as a building block to derive the view factors
for the three cases.

As illustrated in Fig. 2b, the shell interior surface is split into two
neighboring surfaces (sn1 and sn2). By the conservation of radiant
energy emitted by surface sTT toward itself,

FsT T ¡ sT T D FsT T ¡ sn1 C FsT T ¡ sn2 (1)

By the reciprocal rule, FsT T ¡ sn1 D (Asn1/ AsT T ) ¢ Fsn1 ¡ sT T , and
FsT T ¡ sn2 D ( Asn2/ AsT T ) ¢ Fsn2 ¡ sT T . Hence, Eq. (1) may also be
written as

FsT T ¡ sT T D (Asn1/ AsT T ) ¢ Fsn1 ¡ sT T C ( Asn2/ AsT T ) ¢ Fsn2 ¡ sT T

(1a)

By the conservation of radiant energy emitted by surfaces sn1 and
sn2 toward surfacesTT, Fsn1 ¡ sT T D Fsn1 ¡ (sn1 C sn2) , and Fsn2 ¡ sT T D
Fsn2 ¡ (sn1 C sn2) . Hence, Eq. (1a) may be written as

FsT T ¡ sT T D ( Asn1/ AsT T ) ¢ Fsn1 ¡ (sn1 C sn2)

C ( Asn2/ AsT T ) ¢ Fsn2 ¡ (sn1 C sn2) (1b)



J. THERMOPHYSICS, VOL. 13, NO. 3: TECHNICAL NOTES 377

Fig. 2 Surfaces on coaxial cylinders: a) surfaces of coaxial cylinders of equal lengths and b) neighboringsurfaces on shell interior of coaxial cylinders.

Because Fsn1 ¡ (sn1 C sn2) D Fsn1 ¡ sn1 C Fsn1 ¡ sn2 , and Fsn2 ¡ (sn1 C sn2) D
Fsn2 ¡ sn1 C Fsn2 ¡ sn2 ,

FsT T ¡ sT T D ( Asn1/ AsT T ) ¢ (Fsn1 ¡ sn1 C Fsn1 ¡ sn2)

C ( Asn2/ AsT T ) ¢ (Fsn2 ¡sn1 C Fsn2 ¡ sn2) (1c)

However, Fsn2 ¡ sn1 D ( Asn1/ Asn2) ¢ Fsn1 ¡ sn2, by the reciprocal rule,
and the ratio of the areas is the same as the ratio of the lengths.
Hence, Eq. (1c) is simpli� ed to obtain

Fsn1 ¡ sn2 D (LT T ¢ FsT T ¡ sT T ¡ Ln1 ¢ Fsn1 ¡ sn1

¡ Ln2 ¢ Fsn2 ¡ sn2)/ (2 ¢ Ln1) (2)

All of the view factors on the right-hand side (RHS) of Eq. (2) are
known becausetheyare for the same con� guration(F2 ¡ 2 in Fig. 2a).
Hence, theviewfactorbetweentwo neighboringareason the interior
surface of a shell in the presence of an obstructing coaxial tube is
known.

Case 1 (d >0): Nonoverlapping Shell Segments

The view factor between areas on the interior surface of a shell
separated by a distance d (Fsi1 ¡ si2 in Fig. 1a) is written as (by the
conservationof radiant energy)

Fsi1 ¡ si2 D Fsi1 ¡ (sid C si2) ¡ Fsi1 ¡ sid (3)

where the surfaces (sid C si2) and sid are neighboring the surface
si1, and hence, the view factors Fsi1 ¡ (sid C si2) and Fsi1 ¡ sid are of the
same con� guration as Fsn1 ¡ sn2 (Fig. 2b). Hence, the view factors
on the RHS of Eq. (3) are known. The analytical formula for the
view factor Fsi1 ¡ si2 for case 1 is obtained by following the given
view-factor algebra sequence, and the result is

Fsi1 ¡ si2 D (L1 C L2 C d) ¢ F(L1 C L2 C d) ¡ (L1 C L2 C d)

¡ (L1 C d) ¢ F(L1 C d) ¡ (L1 C d) ¡ (L2 C d) ¢ F(L2 C d) ¡ (L2 C d)

C d ¢ Fd ¡ d

.
(2L1) (4)

All of the view factors on the RHS are of con� guration F2 ¡ 2

(Fig. 2a), and the analytical expression for this view factor is pro-
vided by Siegel and Howell,1 Leuenberger and Person,4 Howell,7

and Brockmann.8 Because the form presented by Brockmann8 ap-
pears to be the most compact, it is reproduced here as

Fn D 1
p X s n

p (X x n ¡ X t n ) C cos¡1 X t n

Xs n

¡ 1 C 4X 2
s n

¢ tan¡1
1 C 4X 2

s n ¢ X2
s n ¡ X2

t n

X t n

C 2X t n ¢ tan¡1
Á

2 X 2
s n ¡ X2

t n

!
(4a)

where X t n D rt / n , and X s n D rs / n . With the length n taking different
values (L1 C L2 C d , L1 C d , L2 C d , d), a simple routine can be
generated to calculate the required view factors.

Case 2 [d < 0, (L1 ¡ jj d jj ) >0, (L2 ¡ jj d jj ) >0]: Partially Overlapping Shell
Segments

An analytical solution is similarly derived for case 2 (Fig. 1b).
The spacingd shown in Fig. 1b is jdj, and the surface sid of length d
is the partialoverlapof the surfacessi1 and si2. By the conservation
of radiant energy emitted by surface si1 toward si2,

Fsi1 ¡ si2 D Fsi1 ¡ sid C Fsi1 ¡ (si2 ¡ d ) (5)

Using the reciprocal rule for the view factor Fsi1 ¡ sid , Eq. (5) can be
written as

Fsi1 ¡ si2 D (d / L1) ¢ Fsid ¡ si1 C Fsi1 ¡ (si2 ¡ d ) (5a)

By the conservationof radiant energy emitted by surface sid toward
si1, Eq. (5a) is

Fsi1 ¡ si2 D (d / L1) ¢ Fsid ¡ sid C Fsid ¡ (si1 ¡ sid ) C Fsi1 ¡ (si2 ¡ d)

(6)

The view factor Fsid ¡ sid is of the same con� guration as F2 ¡ 2

(Fig. 2a), and the view factors Fsid ¡ (si1 ¡ sid) and Fsi1 ¡ (si2 ¡ d ) are
of the same con� guration as Fsn1 ¡ sn2 (Fig. 2b). Because the view
factorson the RHS of Eq. (6) are known analytically,the view factor
Fsi1 ¡ si2 for the con� guration shown in Fig. 1b is obtained analyt-
ically. This view-factor algebra sequence is followed to obtain the
analytical formula for the view factor Fsi1 ¡ si2 (case 2):

Fsi1 ¡ si2 D (L1 C L2 ¡ d) ¢ F(L1 C L2 ¡ d) ¡ (L1 C L2 ¡ d)

¡ (L1 ¡ d) ¢ F(L1 ¡ d) ¡ (L1 ¡ d) ¡ (L2 ¡ d) ¢ F(L2 ¡ d) ¡ (L2 ¡ d)

C d ¢ Fd ¡ d

.
(2L1) (7)
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where the view factors Fn are as given by Eq. (4a) and the distance
d in Eq. (7) is jdj.

Case 3 [d < 0, (L1 ¡¡ jj d jj ) >0, (L2 ¡¡ jj d jj ) < 0]: Completely Overlapping
Shell Segments

As shown in Fig. 1c, the surface si2 is completely inside the
surfacesi1, therebysplittingthe surfacesi1 into threeparts:si1b, si2,
and si1u. The spacingd shown in Fig. 1c is jd j. By the conservation
of radiant energy emitted by surface si2 toward surface si1,

Fsi2 ¡ si1 D Fsi2 ¡ si1b C Fsi2 ¡ si2 C Fsi2 ¡ si1u (8)

The three view factors on the RHS of Eq. (8) are known, because the
view factor Fsi2 ¡ si2 is of the same con� guration as F2 ¡ 2 (Fig. 2a),
and the view factors Fsi2 ¡ si1b and Fsi2 ¡ si1u are of the same con� g-
uration as Fsn1 ¡ sn2 (Fig. 2b). These view factors are expanded as

Fsi1 ¡ si2 D (L1 C L2 ¡ d) ¢ F(L1 C L2 ¡ d) ¡ (L1 C L2 ¡ d)

¡ (L ¡ d) ¢ F(L1 ¡ d) ¡ (L1 ¡ d) ¡ (d ¡ L2) ¢ F(d ¡ L2 ) ¡ (d ¡ L2 )

C d ¢ Fd ¡ d

.
(2L1) (9)

where the view factors Fn are as given by Eq. (4a) and the distance
d is jd j.

Equations (4) and (7) reduce to the same form as d ! 0. But
Eq. (7) cannot be derived from Eq. (4) by simply changing the
sign of d , because the geometries of cases 1 and 2 are different.
Equation (9) reduces to FL1 ¡ L1 (F2 ¡ 2 in Fig. 2a) as L2 ! L1 and
d ! L1 . Equations (4), (7), and (9) may be written succinctly as a
single equation for all three cases as

Fsi1 ¡ si2 D (L1 C L2 § jdj) ¢ F(L1 C L2 § jd j) ¡ (L1 C L2 § jdj)

¡ jL1 § jd jj ¢ FjL1 § jd jj ¡ jL1 § jd jj ¡ jL2 § jdjj

£ FjL2 § jd jj ¡ jL2 § jd jj C jd j ¢ Fjd j ¡ jdj
.

(2L1) (10)

where the signs preceding jdj are positive for d > 0 (case 1), and
they are negative for d < 0 (cases 2 and 3), except for the last term
in the expression for which the sign is always positive.

Fig. 3 View factors for shell interior surfaces: comparison with nu-
merical results.

Comparison of Results
The analytical solutions for cases 1 and 2 are used to generate

results for different radius ratios (rs / rt ), and they are compared
in Fig. 3 with the numerical results for these two cases presented
by Reid and Tennant.5 For (L1 C d) > 2, the results are for case 1
(Fig. 1a), and for (L1 C d) < 2 the results are for case 2 (Fig. 1b).
Figure3 shows that theanalyticalresultsagreewell with the reported
numerical results. There is some differencebetween the two results
for low values of (rs / rt ) and (L1 C d) < 2 (case 2), most likely
because the effect of the obstruction is higher and the discretization
for the reported numerical solution is not � ne enough.

Figures 4a and 4b show the results for various rs / rt , keeping ei-
ther rt or rs � xed, respectively. When rs is increased at a � xed rt ,
the effect of the obstruction reduces, but the percentageof radiation

Fig. 4 View factors for shell interior surfaces, cases 1 and 2: a) rt = 1,
L1 = L2 = 2 and b) rs = 1, L1 = L2 = 2.
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incident on the cylindrical surface reduces, because more of the ra-
diation is incident on the end-plugged annular disks. But if rt is
reduced at a � xed rs , the percentages of radiation incident on the
cylindrical surface and on the end-plugged annular disks increase,
due to reduction of the obstruction.Hence, from Fig. 4a, Fsi1 ¡ si2 is
seen to go through an optimum with respect to rs / rt , for small val-
ues of d , whereas for larger values of d, it monotonically increases.
This optimum is not observed in Fig. 4b. When rt is � xed as in
Fig. 4a and (rs / rt ) ! 1, rs ! 1, the shell reduces to a � at plate,
and the surfaces si1 and si2 reduce to strips on the � at plate, for
which Fsi1 ¡ si2 D 0 for any value of (L1 C d). However, when rs is
� xed as in Fig. 4b and (rs / rt ) ! 1, rt ! 0 and Fsi1 ¡ si2 reduces to
the view factor between coaxial cylinders of equal radius without
obstruction,derivedanalyticallyby Leuenbergerand Person.4 (This
view factor is indicated by the dashed curve in Fig. 4b.) When rs

is � xed and (rs / rt ) ! 1, the tube completely obstructs the radia-
tion emitted by the shell, and Fsi1 ¡ si2 D 0. When both rs and rt are
not � xed and both (rs , rt ) ! 1, (rs / rt ) ! 1, and the two cylinders
reduce to two � at plates, and again, Fsi1 ¡ si2 D 0. Also, when both
(rs , rt ) ! 0, (rs / rt ) ! 1, and again, Fsi1 ¡ si2 D 0, because the inner
tube completely obstructs the radiation. Hence, when the view fac-
tors are plotted for various rs / rt , the radius that is � xed must be
speci� ed.

The role of the tube in the view factor Fsi1 ¡ si2 is limited to the ra-
diation obstructedby it and not the re� ected radiation.The re� ected
radiation is catered by the irradiation from the tube, and the amount
incident on the shell surface is dictated by the view factor between
tube exterior and shell interior surface elements, discussed by Tso
and Mahulikar.9

Conclusion
The view factors for the three cases of shell interior surface seg-

ments are obtained analytically [Eqs. (4), (7), and (9)], and the an-
alytical results agree well with the available reported numerical
results. The results for the three cases can also be expressed by a
single equation [Eq. (10)]. The analytical solutions are used to gen-
erate view factors for various radius ratios, which provide an insight
into the complex nature of this view factor. The results generated
for different radius ratios, keeping the tube and shell radius � xed
separately, indicatedifferences,which implies that the radius that is
� xed must also be speci� ed.
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Shock/Viscous Interaction Effects on
Nonequilibrium-Dissociated Heating
Along Arbitrarily Catalytic Surfaces

George R. Inger¤

Iowa State University, Ames, Iowa 50011-3231

Nomenclature
C = l T1/ l 1 T , Chapman–Rubesin parameter
C f = 2t w / q 1U 2

1, skin friction coef� cient
C p = speci� c heat of the mixture
g = net gas-phase reaction function (see Appendix)
H = partial total enthalpy, C pT C u2/ 2
h D = dissociation energy per unit mass
Oh D = b 1/ 4h D / P1/ 3

R (HADIAB ¡ Hw)C1/ 8
REF k 3/ 4(Tw / T1)1/ 2

IR = reaction rate integral (see Appendix)
K H = ( c C 1) k 1/ 2 M 2

1CREF
1/ 4 e 2/ 4b 1/ 2

Kw = catalytic wall recombination velocity
L = reference length (see Fig. 1)
M = Mach number
PR = Prandtl number
p = static pressure
qD = diffusive heat transfer; Eq. (24)
qw = wall heat transfer rate
Ru , Rm = universal and molecular gas constants, respectively
ReL = q 1U1 L/ l 1, Reynolds number ´ e ¡8

Sc = Schmidt number
se = total streamline slope along the boundary-layer

edge; Eq. (18)
T = absolute static temperature
OT = b 1/ 4(T ¡ Tw)/ P1/ 3

R (TADIAB ¡
Tw) e P1/ 3

R C1/ 8
REF k 3/ 4(Tw / T1)1/ 2

Tt = Ho1 / Cp, freestream total temperature
U1 = freestream velocity at edge of incoming

boundary layer
u, v = velocity components in x , y directions, respectively
x , y = streamwise and normal coordinates, respectively
a = atom mass fraction
b = (M 2

1 ¡ 1)1/ 2

C c = catalytic surface Damköhler number (see Appendix)
C G , OC G = gas-phase Damköhler numbers (see Appendix)
QC iw = C1/ 8

REF k 1/ 4(Tw / T1)1/ 2 S1/ 3
c a e0 C c0/ b 1/ 4(1 C C c0)

c = speci� c heat ratio for frozen � ow
d ¤ = displacement thickness variable
H = � ow de� ection angle
k = 0.332 (Blasius solution constant)
k T = P1/ 3

R (TADIAB ¡ Tw)(1 C C c0)/ S1/ 3
c a e0 (1 ¡ C G IR) C c0

l = coef� cient of viscosity
q = density
t w = wall shear stress
x = viscosity temperature-dependence exponent

(l » T x )

Subscripts

ADIAB = adiabatic wall conditions
B = body surface
e = local inviscid � ow conditions at boundary-layeredge
i.s. = incipient separation
REF = based on reference temperature
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