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Fig. 4a NO global production rate for the reaction N, + O <= NO +N
and for different reservoir temperatures 7. The symbols are experi-

mental results,!” and - - - - is their Arrhenius fit.
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Fig. 4b Nozzle position as a function of the inverse of temperature
along the nozzle axis.

Results obtained for nonparabolic nozzles (the so-called F4
nozzle operating at ONERA) closely follow those reported in
Figs. 1-4, thus eliminating the uncertainties caused by the use of
one-dimensionalinviscid flow for parabolic nozzles’

Conclusions

The results presentedin this work have shown the role of nonequi-
librium vibrational kinetics in the nozzle flow. In particular, the
proposed model shows a strong non-Arrhenius character of the for-
mation rate of NO through the reaction of vibrationally excited
molecules and oxygen atoms. This behavior is mainly caused by
the recombination of N atoms that form strong nonequilibrium vi-
brational distributions.

The present results, even though qualitative, represent a new at-
tempt to describe nonequilibriumeffects in nozzle expansion flows.
Future work in this direction should be directed toward a better char-
acterizationof input data as well as to dedicated experiments able to
monitor the concentrationprofiles of the different species as well as
the vibrational distributions of diatomic molecules along the nozzle
axis. Inclusion of these kinetics in two-dimensional nozzle flows
should also improve the present treatment.
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View Factors Between Finite Length
Rings on an Interior Cylindrical Shell
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Nomenclature
A = surface area, m?
D = diameter, m
d = distance, m
F;_; = view factor of surface j as seen by surface i
L = length, m
r = radius, m
Subscripts
b = bottom surface
n = neighboring surfaces
s = shell surface
Si = shell interior surface
sid = shell interior surface of length d
sn = one of the neighboring shell surfaces
sTT = total of two neighboring shell surfaces
TT = total of two neighboring elements
t = tube surface
u = upper surface
1 = element 1
2 = element 2 or surface 2; Fig. 2a

Introduction

HE present work is aimed at analyzing surface radiation heat

exchange in annular microchannels bounded by two coaxial
heat-generating cylinders, for electronics cooling application. The
geometry of coaxialcylindersis common to applicationssuch as air-
craftengines, heatexchangers,infrared telescopes,reactors, rockets,
and tubular furnaces. The view factor, defined, e.g., by Siegel and
Howell,! is a key element in the computation of radiantinterchange
between diffusely emitting surfaces. It is also used in conjunction
with diffusion and transport codes to calculate the neutral particles
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streaming through large voids surrounded by material regions.? The
analytical evaluation of the view factor becomes complicated with
complex geometry, and its numerical evaluation is time consuming
for an adequate accuracy. This is especially true in practical appli-
cations involving systems discretized into a large number of spatial
meshes viewing each other, for which several view factors are to be
computed. Although software packages such as FACET and VIEW
(discussed by Emery et al.®) compute the view factors numerically
for complicated configurations, it is always advantageous to have
closed-form analytical solutions wherever possible, to reduce the
computation time and tedium, and to obtain insights of geometrical
parameter dependence.

For analyzing the radiant heat exchange, the coaxial cylinders
are discretizedinto coaxial ring elements. Leuenberger and Person®
presented analytical solutions of view factors involving disks; finite
length cylinders; and a combination of disks, cylinders, and rect-
angles. Their compilation includes the analytical expression for the
differential view factor between a ring on the tube exterior and the
finite annularspace on the end plug between the tube and the coaxial
shell. Reid and Tennant® performed a single numerical integration
after three analyticalintegrationsof the defining quadrupleline inte-
gral, for ring elements on coaxial cylinders. They have numerically
obtained the view factors between finite cylindrical areas on the in-
terior of a shell, for cases 1 and 2 (Fig. 1) of the configuration from
one shell interior surface to another. Rea® has derived, using view-
factoralgebra, the view factor between the outside of an end-capped
cylinderto an annular disk plugged at its bottom, and presented the
results for dimensionless geometrical parameters. The view-factor
algebra for estimating the view factors between the exterior surface
of a cylinder of smaller radius to the interior surface of a coax-
ial cylinder of larger radius was outlined. Siegel and Howell' have
compiled a catalog of analytical solutions of view factors of several
geometries, which includes the view factors for coaxial cylinders
of the same finite length (F,_, in Fig. 2a). Howell” has provided a
more exhaustivecoverage of geometries,some in the form of analyt-
ical expressionsand some as numerical approximationsor graphical
solutions. The compilation includes some numerical results of Reid
and Tennant® for the view factors between tube exteriorand shell in-
terior surfaces, and from one shell interior surface to another (cases
1 and 2 in Fig. 1). Brockmann® has obtained the view factors be-
tween the surface elements of two coaxial cylinders by replacing a
surface integration in the view factor definition by integration over
the direction of radiation emitted from that surface. Simplified ex-
pressions for known view factors (including for F, _, in Fig. 2a)
were also derived. Recently, Tso and Mahulikar’ have shown the
view factors for the two configurations, between the finite tube ex-
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terior and shell interior surfaces (configurations C-93 and C-95 in
Howell), to be identical.

In conclusion, the view-factor algebra for obtaining the view fac-
tors between shell interior surfaces separated by a finite distance has
not been outlined, nor has a closed-form analytical solution been
reported, although the configuration is of paramount importance in
many practical applications. Also, case 3 of the configuration (to
be described) has not been identified in the literature; hence, the
motivation for the present work.

Derivation of Analytical Formulas for View Factors

Figure 1 shows the three cases of the view factor from one shell
interior surface to another. In case 1 (Fig. 1a) the two shell-interior
surfacesare separated by a distance,in case 2 (Fig. 1b) thereis a par-
tial overlap of the two shell interior surfaces, and in case 3 (Fig. 1¢)
one shell interior surface is completely inside the other. Although
some of these cases may be encountered more often in practical
applications than others, the view factor being a fundamental con-
cept, it is of interest to study all of the cases analytically, as studied
numerically by Reid and Tennant® for cases 1 and 2.

The view factors for the three cases will be derived analytically
by a sequence of view-factor algebra. First the view factor between
the two neighboring shell interior surfaces (Fy,; _ ;.2 in Fig. 2b) is
derived, and it is used as a building block to derive the view factors
for the three cases.

As illustrated in Fig. 2b, the shell interior surface is split into two
neighboring surfaces (snl and sn2). By the conservation of radiant
energy emitted by surface s77 toward itself,

F;TT—.;TT = FfTT—.ml + FfTT—.;nZ (1)
By the TeCiprocal rU']ev FfTT—.)‘nl = (A.;nl/ A.)‘TT) ° anl —sTT> and
FfTT—.;nZ =(A.f)12/ A.)‘TT) : FmZ—.)‘TT' Hencev Eq (1) may also be

written as

F;TT—.;TT = (A.;nl/A.;TT) : anl—.;TT + (A.;nZ/ A.;TT) : FHIZ—.;TT

(1a)
By the conservation of radiant energy emitted by surfaces snl and
sn2 toward surfacesTT, F;nl —sTT = F;nl — (snl+s5n2)> and an2 —sTT =
Fina— (sn1+ sn2)- Hence, Eq. (1a) may be written as
F;TT —sTT = (A.ml/ A.;TT) : anl — (snl+sn2)
+ (A.;nZ/ A.;TT) : FmZ —(snl +sn2) (lb)

sil

c)

Fig. 1 Three cases of view factor from one shell interior surface to another: a) case 1: d >0; b) case 2: d < 0, (L — |d|) >0, (L, — |d]) >0; and c) case

3:d<0,(L;— |d]) >0, (L, — |ld]) <0.
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Fig. 2 Surfaces on coaxial cylinders: a) surfaces of coaxial cylinders of equal lengths and b) neighboring surfaces on shell interior of coaxial cylinders.

Because anl —(snl+sn2) = le —snl + anl —sn2» and anZ— (snl +sn2) =
anZ —snl + FHIZ —sn2»

F;TT*.)‘TT = (A.;nl/ A.;TT) : (anl —sn1 + le 7.)"12)
+ (A.fnZ/ A.)‘TT) : (FmZ —snl + anZ—.fnZ) (IC)

HOWCVGI‘, an27.;nl = (A.;nl/ A.;nZ) : F;nl —sn2» b)’ the reciprocal rU'le’
and the ratio of the areas is the same as the ratio of the lengths.
Hence, Eq. (1¢) is simplified to obtain

anl—.fnZ = (LTT ) F;TT—.;TT - Lnl ) anl—.fnl

- Ln2 : Fm27.m2)/(2 : Lnl) (2)

All of the view factors on the right-hand side (RHS) of Eq. (2) are
known because they are for the same configuration (F, _ ; inFig. 2a).
Hence, the view factorbetweentwo neighboringareas on the interior
surface of a shell in the presence of an obstructing coaxial tube is
known.

Case 1 (d >0): Nonoverlapping Shell Segments

The view factor between areas on the interior surface of a shell
separated by a distance d (F};| _,;, in Fig. 1a) is written as (by the
conservation of radiant energy)

F)‘il —si2 — F;il — (sid +si2) — F)‘il —sid (3)

where the surfaces (sid 4 si2) and sid are neighboring the surface
sil,andhence, the view factors Fy;| _ sia + si2) and Fy;; _ 5;4 are of the
same configuration as Fj,|_,, (Fig. 2b). Hence, the view factors
on the RHS of Eq. (3) are known. The analytical formula for the
view factor Fy;| _,;, for case 1 is obtained by following the given
view-factor algebra sequence, and the result is

Fi 5o = [(Ll tLo+d) Fuivira-i+i+a)
—(Li+d) - Fpiva-w+a0 — Lo+ d) - Fyvay—o+a)
+d-F,_4]/ L) “)

All of the view factors on the RHS are of configuration F,_,
(Fig. 2a), and the analytical expression for this view factor is pro-
vided by Siegel and Howell,' Leuenberger and Person,* Howell,’
and Brockmann? Because the form presented by Brockmann® ap-
pears to be the most compact, it is reproduced here as

F; = 1 n(xxé—x,é)Jrcos*‘ﬁ—,/1+4x?
”X.;é X.fé s

+2X, - tan”! (2, /X2 — X2, ] (4a)

where X,: =r,/ &, and X s =r,/ & With the length & taking different
values (L, + L, +d, L, +d, L,+d,d), a simple routine can be
generated to calculate the required view factors.

Case 2 [d <0, (L, — |d]) >0, (L, — |d]) >0]: Partially Overlapping Shell
Segments

An analytical solution is similarly derived for case 2 (Fig. 1b).
The spacingd shown in Fig. 1b is |d|, and the surface sid of length d
is the partial overlap of the surfacessi 1 and si2. By the conservation
of radiant energy emitted by surface si 1 toward si2,

Fiii—si2 = Fyit—yia + Fyit —siz—a) (%)

Using the reciprocalrule for the view factor Fj;| _;4, Eq. (5) canbe
written as

Fi_sno =L\ Fyq_s1 + Foi—in—ay (5a)

By the conservation of radiant energy emitted by surface sid toward
sil, Eq. (5a) is

F)‘il —si2 — (d/ Ll) : [F)‘I-(l*.)‘i(l + F)‘I-(l*(.)‘il 7.fi(l):| + F)‘il —(si2—d)
(6)

The view factor Fj;;_;i, is of the same configuration as F,_,
(Fig. 2a), and the view factors Fy;; _ (si1 —siay and Fy;j _ (5o 4) are
of the same configuration as Fj, _,,» (Fig. 2b). Because the view
factors on the RHS of Eq. (6) are known analytically, the view factor
Fii1 _sip for the configuration shown in Fig. 1b is obtained analyt-
ically. This view-factor algebra sequence is followed to obtain the
analytical formula for the view factor Fy;; _;» (case 2):

Fiil—sia = [(L1 tLo—d) Fuitto-dy— i +12-0)

—(Li—=d) - Fuj—ay—ey-ay — Lo =) Fioy—ay— (1o -a)

+d-F;_q]/ L) (1)
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where the view factors F; are as given by Eq. (4a) and the distance
d in Eq. (7)is |d|.

Case 3 [d<0,(L; — |d]) >0, (L, — |d]) <0]: Completely Overlapping
Shell Segments

As shown in Fig. lc, the surface si2 is completely inside the
surface sil, thereby splittingthe surface sil into three parts: silb, si2,
and silu. The spacingd shown in Fig. 1cis |d|. By the conservation
of radiant energy emitted by surface si2 toward surface sil,

Fir i1t = Foio—sip + Fsin—sio + Fyin—sinu (8)

The three view factors on the RHS of Eq. (8) are known, because the
view factor Fj;, _ i is of the same configuration as F, _, (Fig. 2a),
and the view factors Fj;, _ 1, and Fy;, _;1, are of the same config-
uration as Fj,; _;,» (Fig. 2b). These view factors are expanded as

Fiil—sia = [(L1 tLo—d) Fuitt-a)— (i +12-0)
_(L - d) : If(L] —d)— (L1 —d) — (d - L2) : I:((lsz)f((lsz)

+d - Fd—d]/(ZLl) €))

where the view factors F are as given by Eq. (4a) and the distance
dis|d|.

Equations (4) and (7) reduce to the same form as d — 0. But
Eq. (7) cannot be derived from Eq. (4) by simply changing the
sign of d, because the geometries of cases 1 and 2 are different.
Equation (9) reduces to F,, _;, (F»_, in Fig.2a)as L, — L; and
d — L. Equations (4), (7), and (9) may be written succinctly as a
single equation for all three cases as

F.fil—.;i2 = [(Ll + L2 + |d|) : F(L|+L2i\d\)*(L| + La+1|d))

—ILi £ 1+ Fipy 2101 - 121 +1an — L2 £ 1d]

X Fliy s1a= 11, 414 + 1] - F\d\—\d\]/(ZLI) (10)

where the signs preceding |d| are positive for d > 0 (case 1), and
they are negative for d < 0 (cases 2 and 3), except for the last term
in the expression for which the sign is always positive.

] ANALYTICAL
b _ _ _ REID AND TENNANT
- Lh=L =2
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Fig. 3 View factors for shell interior surfaces: comparison with nu-
merical results.

Comparison of Results

The analytical solutions for cases 1 and 2 are used to generate
results for different radius ratios (r,/r,), and they are compared
in Fig. 3 with the numerical results for these two cases presented
by Reid and Tennant?’ For (L, +d) > 2, the results are for case 1
(Fig. 1a), and for (L; 4+ d) < 2 the results are for case 2 (Fig. 1b).
Figure 3 shows that the analyticalresultsagree well with the reported
numerical results. There is some difference between the two results
for low values of (r;/r;) and (L, +d)< 2 (case 2), most likely
because the effect of the obstructionis higher and the discretization
for the reported numerical solution is not fine enough.

Figures 4a and 4b show the results for various r,/ r;, keeping ei-
ther r, or ry fixed, respectively. When r; is increased at a fixed r;,
the effect of the obstructionreduces, but the percentage of radiation

0.1
o
@
[
%
L 0.01
0.001
a)
0.1
o
@
1
c
[
0.01
0.001 T T
Q 2 4 6 at 10
b) L+d

Fig. 4 View factors for shell interior surfaces, cases 1 and 2: a)r, =1,
L] =L2 =2 and b) rg =1,L1 =L2 =2.



J. THERMOPHYSICS, VOL. 13,NO. 3: TECHNICAL NOTES 379

incident on the cylindrical surface reduces, because more of the ra-
diation is incident on the end-plugged annular disks. But if r, is
reduced at a fixed r,, the percentages of radiation incident on the
cylindrical surface and on the end-plugged annular disks increase,
due to reduction of the obstruction. Hence, from Fig. 4a, F;| _,;; is
seen to go through an optimum with respect to r,/ r,, for small val-
ues of d, whereas for larger values of d, it monotonically increases.
This optimum is not observed in Fig. 4b. When r; is fixed as in
Fig. 4a and (r,/ r;) — 00, r; — 00, the shell reduces to a flat plate,
and the surfaces sil and si2 reduce to strips on the flat plate, for
which Fj;, _;, =0 for any value of (L + d). However, when r; is
fixed as in Fig. 4b and (r,/ ;) — 0o, r, — 0 and F};; _ ;;, reducesto
the view factor between coaxial cylinders of equal radius without
obstruction, derived analytically by Leuenberger and Person.* (This
view factor is indicated by the dashed curve in Fig. 4b.) When r;
is fixed and (r,/ r;) — 1, the tube completely obstructs the radia-
tion emitted by the shell, and Fj;; _ ;2 = 0. When both r; and r;, are
not fixed and both (7, ;) — oo, (r,/ ;) — 1, and the two cylinders
reduce to two flat plates, and again, Fy;; 2 =0. Also, when both
(ry,r,)— 0, (ry/ r,) = 1, and again, Fy;; _,;; =0, because the inner
tube completely obstructs the radiation. Hence, when the view fac-
tors are plotted for various r,/ r,, the radius that is fixed must be
specified.

The role of the tube in the view factor Fj;; _;, is limited to the ra-
diation obstructed by it and not the reflected radiation. The reflected
radiationis catered by the irradiation from the tube, and the amount
incident on the shell surface is dictated by the view factor between
tube exterior and shell interior surface elements, discussed by Tso
and Mahulikar’

Conclusion

The view factors for the three cases of shell interior surface seg-
ments are obtained analytically [Egs. (4), (7), and (9)], and the an-
alytical results agree well with the available reported numerical
results. The results for the three cases can also be expressed by a
single equation [Eq. (10)]. The analytical solutions are used to gen-
erate view factors for various radiusratios, which provide an insight
into the complex nature of this view factor. The results generated
for different radius ratios, keeping the tube and shell radius fixed
separately,indicate differences, which implies that the radius that is
fixed must also be specified.
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Shock/Viscous Interaction Effects on
Nonequilibrium-Dissociated Heating
Along Arbitrarily Catalytic Surfaces

George R. Inger*
lowa State University, Ames, lowa 50011-3231

Nomenclature
C = uTy/ poo T, Chapman—Rubesin parameter
C, = 20,/ P, U2, skin friction coefficient
C, = specific heat of the mixture
g = net gas-phase reaction function (see Appendix)
H = partial total enthalpy, C, T + u*/2
hp = dissociation energy per unit mass
hp = BY*hpl Py (Hapias — Hu) Cyip A (Tl Too)'?
Ir = reaction rate integral (see Appendix)
KH - (7+1)ll/2M§ocREF 1/482/4ﬂ1/2
K, = catalytic wall recombination velocity
L = reference length (see Fig. 1)
= Mach number
Py = Prandtl number
p = static pressure
qp = diffusive heat transfer; Eq. (24)
Gu = wall heat transfer rate
R,, R, = universal and molecular gas constants, respectively
Re; = PooUs L/ pi o, Reynolds number = 78
S, = Schmidt number
S, = total streamline slope along the boundary-layer
edge; Eq. (18)
T = absolute static temperature
f = ﬂw(T =T,/ P]:)B(TADIAB -
T,)ePy  Cogd (T, Too)"?
A = Ho,/ Cp, freestream total temperature
U, = freestream velocity at edge of incoming
boundary layer
u, v = velocity componentsin x, y directions, respectively
X,y = streamwise and normal coordinates, respectively
a = atom mass fraction
B = (M2 -1
I, = catalytic surface Damkohler number (see Appendix)

Ig, fG = gas-phase Damkohler numbers (see Appendix)

L, = Crae ATl Too) "2 S @y gl BY4(1 + T)
¥ = specific heat ratio for frozen flow
S5 = displacementthickness variable
[©] = flow deflection angle
A = 0.332 (Blasius solution constant)
Ar = Py (Taoias — Tu)(1 + T/ S ey (1 = T Ie) T
u = coefficient of viscosity
P = density
L, = wall shear stress
10} = viscosity temperature-dependerce exponent
(u ~T%)
Subscripts
ADIAB = adiabatic wall conditions
B = body surface
e = local inviscid flow conditions at boundary-layeredge
i.s. = incipient separation
REF = based on reference temperature
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